We theoretically study the resonance fluorescence spectrum of a three-level quantum emitter coupled to a spherical metallic nanoparticle. We consider the case that the quantum emitter is driven by a single laser field along one of the optical transitions. We show that the development of the spectrum depends on the relative orientation of the dipole moments of the optical transitions in relation to the metal nanoparticle. In addition, we demonstrate that the location and width of the peaks in the spectrum are strongly modified by the exciton-plasmon coupling and the laser detuning, allowing to achieve controlled strongly subnatural spectral line. A strong antibunching of the fluorescent photons along the undriven transition is also obtained. Our results may be used for creating a tunable source of photons which could be used for a probabilistic entanglement scheme in the field of quantum information processing.
I. INTRODUCTION
The optical properties of quantum emitters have been shown to be dramatically modified when they are located in close proximity to a metallic nanoparticle (MNP). The ultracompact optical mode volume achieved in plasmon nanostructures leads to a large resonant enhancement of the local field near the MNP [1] [2] [3] [4] , as well as the modification of spontaneous emission rates of the emitter's optical transitions [5] [6] [7] [8] [9] [10] [11] . The exciton-plasmon coupling has received a great deal of attention leading to interesting phenomena like changes in photoluminescence lifetimes [12] , in photon statistics [13] , in the resonance fluorescence [14] [15] [16] [17] [18] [19] , in plasmon-induced quantum interference effects [20] [21] [22] , in the control over population dynamics [23] [24] [25] [26] , and over nonlinear optical processes [27] [28] [29] [30] [31] [32] [33] [34] .
In this paper, we theoretically investigate the resonance fluorescence spectrum (RFS) of a hybrid system consisting of a three-level Λ-type quantum emitter coupled to a MNP which is taken as a gold nanosphere. This work is related to previous works carried out by us [17] and other authors [14-16, 18, 19] on the spectral properties of the spontaneous photons produced in externally driven quantum systems coupled to a metallic nanostructure. These studies revealed the possibility of changing the linewidth and location of the different sidebands of the spectra of the spontaneous photons arising from the back-action of the electric field generated by the metallic nanostructure on the quantum system (exciton-plasmon coupling).
Our work presents a new addition in this area and new effects are identified.
We focus in two situations to analyze the RFS of the hybrid system. In the first one we consider the system to be singly driven on exact resonance along one of the optical transitions. We show that the development of the spectrum depends on the relative orientation of the dipole moments of the optical transitions in relation to the nanoparticle. In addition, we demonstrate how the location of the sidebands are strongly modified by the exciton-plasmon coupling. We also show, for the first time, that in the low driving regime it is possible to obtain an ultranarrow spectral line. In the second situation, we consider the system to be, again, singly driven but this time out of resonance, in which case we show the tunability of the center and the width of the spectral line along the non-driven transition.
In addition, we show that the photons produced along the undriven transition show strong antibunching. We present a physical description using the dressed states picture showing that both the width and spectral location of the Raman photons are fully captured in the secular approximation. These results may be used for creating tunable source of photons which can be used for a probabilistic entanglement scheme which is of interest in the field of quantum information processing.
The paper is organized as follows: Section II establishes the model, i.e. the Hamiltonian of the system and the main dissipation processes which are needed to derive the time-evolution equations of the quantum system's operators, assuming the rotating wave approximation.
We also present the basics for determining the spectral properties of the fluorescent photons through the analysis of the RFS in the steady-state regime. Section III presents numerical results along with relevant discussion. Finally, Section IV summarizes the main findings of the paper and also presents a discussion on the experimental implementation of our scheme.
II. THEORETICAL MODEL
Let us consider a three-level quantum system of the Λ-type located in close proximity to a MNP. The states of the system are labeled as |1 , |2 , and |3 (see Fig. 1 ).
The Hamiltonian that governs the dynamics of the quantum system can be expressed as
The Hamiltonian H A of the system reads
where E j = ω j is the energy of the j-th state and σ ij are the Pauli operators.
H F is the Hamiltonian of the medium-assisted electromagnetic field
and it is expressed in terms of a set of bosonic fields f λ ( r, ω), where f † λ ( r, ω) plays the role of variable of the electromagnetic field and the medium, including a reservoir associated with the losses in the medium. The field operators obey the usual commutation rules
The interaction Hamiltonian is H Int
Three-level scheme illustrating the ground and excited states. Transition |2 ↔ |3 is driven by a laser field polarized along the X axis with angular frequency ω L and Rabi frequency
The quantum system is located at a distance D from the boundary of a nanosphere whose radius is a. The dipole moments µ 23 and µ 13 are oriented along the X and Y axis, respectively. θ is the angle with the X-axis of the line joining the MNP's center and the QD's center.
d being the electric dipole moment operator, which is given by
and E( r, ω) is the field operator (excluding the external driving field) which is defined through [35] E( r, ω)
where ↔ G( r , r ′ , ω) is the dyadic Green's tensor. Here, ǫ( r ′ , ω) = ǫ R ( r ′ , ω) + ǫ I ( r ′ , ω) stands for the complex permittivity.
Finally, H ext is the part of the Hamiltonian which accounts for the external coherent coupling and is defined through
with the effective Rabi field Ω 3 = µ 23 · E pump ( r A )/2 . Here, r A denotes the position of the quantum emitter in relation to the MNP (R = | r A |). The pump field contains the direct pumping field term plus the scattered field from the MNP
where
. is the incident field operator andû x is the unitary vector along the X axis, and ǫ m (ω L )/V M N P stands for the dielectric constant/volume of the MNP at the frequency ω L . Therefore, the driving field only couples transition |2 ↔ |3 .
Note that for an intense incident driving field ( E 0 ( r, ω L )) it can be treated as a c-number, so that the effective Rabi field can be expressed as stands for the free space Rabi frequency, i.e., the Rabi frequency which would drive the quantum emitter in the absence of the MNP.
Note that the value of F x e will depend on θ, i.e., the relative orientation of the incident field with regard to the axis of the hybrid system.
The bath operators can be traced out in order to obtain a master equation for the reduced quantum system, which enables the derivation of the time evolution of an arbitrary quantum system operator Q(t) which reads
Here, Γ p 3j stands for the spontaneous emission of the quantum emitter modified by the presence of the MNP [20] , and they are explicitly given by 
where δ = ω 32 − ω L , denotes the optical detuning, thus the density matrix equations of motion of the system read as
In writing the above we made use of the following abbreviations: 
We are interested into the spectral properties of the fluorescent photons, in particular the RFS of the hybrid system. In the steady-state regime, this spectrum is proportional to the Fourier transformation of the correlation function lim t→∞ E − ( r, t
where E − ( r, t)/ E + ( r, t) is the negative/positive frequency part of the radiation field in the far zone. The radiation field consists of a free-field operator and a source-field operator that is proportional to the polarization operator [36] . Therefore, the steady-state RFS can be expressed in terms of the correlation function
where ℜ [ ] denotes the real part of the magnitude enclosed in square brackets. In the far-field
and
. We will assume that ω 31 ≈ ω 32 . In what follows we consider that the following condition holds: µ 13 = µû y , and µ 23 = µû x , whereas the direction of detection of the fluorescent field is perpendicular to the plane XY which contains the electric dipole moments µ 13 and µ 23 . Substituting Eq. (18) by ω, but we should interpret ω as a frequency measured relative to the laser frequency ω L since we will assume that the hybrid system is singly driven by Ω 3 .
The statistical properties of the fluorescent photons can be determined through the normalized second-order correlation function (intensity-intensity correlation) of the fluorescent signal emitted by the hybrid system which is given by
The first-and second-order correlation functions appearing in Eq. (19) can be expressed in terms of the positive and negative frequency parts of the electric field operators as
We will assume that first-and second-order correlation functions leading to Eq. (19) will be determined under stationary conditions by invoking again the quantum regression theorem.
III. NUMERICAL RESULTS
We start by analyzing how the presence of the MNP modifies the spontaneous emission rates of the quantum emitter. The MNP is a gold nanosphere with radius a as depicted in 25. The dielectric function of the gold MNP was extracted from optical data [38] . We calculate the spontaneous decay rates and the field enhancement factor via a Green's tensor formalism of the electromagnetic field for a single spherical scatterer for wavelength λ = 947 nm. Namely, the calculation of the electromagnetic field around a spherical scatterer is based on the classical Mie theory [39] . The corresponding EM Green's tensor is calculated within the same framework, i.e., Mie theory, and the corresponding formalism can be found elsewhere [40] . In Fig. 2(b) we present the results for the field enhancement factor F Next, we examine the influence of the MNP on the steady state RFS. Numerical results for the RFS are obtained through Eq. (17). The results are displayed in Fig. 3(a) for a Rabi frequency of Ω 0 3 = 2.5Γ 0 : this value is selected in the range which shows the full development of the spectral features for the isolated quantum emitter. The driving field is considered to be on resonance (δ = 0). The solid curve corresponds to the spectrum obtained for the isolated quantum emitter and consists of a central peak, a red detuned sideband as well as three blue detuned sidebands. For the hybrid system we choose D = 20 nm between the quantum emitter and the MNP: the dashed curve is obtained when θ = 0 and the dashed dotted curve is for θ = 90. In the case with θ = 0, we observe that for this geometrical configuration the RFS collapses to a nearly single central peak which is broader than that obtained in the absence of the MNP whereas the far detuned blue sidebands remain unresolved, i.e., the spectral separation of these two sidebands is lesser than their HWHM. These results can be explained in light of the effect of the MNP on the effective field which drives the system: according to dashed-dotted curve in Fig. 2 (b) the value for |F e,x | is less than unity for this gap distance (|Ω 3 | < |Ω The appearance of a quintuplet in the RFS arises from the fact that there are two contributions to the RFS as indicated in Eq. (18) . The first contribution arises from the photons produced along the transition |3 ↔ |2 (see dashed curve in Fig. 3(b) ): this transition is responsible for the emergence of the central peak and two sidebands simmetrically located around ω = 0, and mimics the Mollow triplet of a two-level system. The second contribution arises from the photons produced along the undriven transition |3 ↔ |1 (see solid curve in Fig. 3(b) ): here we observe the lack of a central peak for this channel which should be expected to appear at ω = ω L + ω 21 in the case that transition |3 ↔ |1 would have been driven by an external laser field. Here we also observe the emergence of two additional blue detuned sidebands.
We carried out an analysis in the dressed state picture (DSP) of the RFS for the current situation (the details are provided in Appendix B): there we show that in the secular approximation, which consists in obtaining equations of evolution for populations and coherences The statistical properties of the fluorescent photons can be determined through the analysis of the time evolution of the normalized second-order correlation function given in Eq.
(19). Here we assume that selective detection of the fluorescent photons is performed, thus
we only have to deal with photons produced along the undriven transition |1 ↔ |3 . The resuls are depicted in Fig. 3(d) for the same cases considered in Fig. 3(a) . Here, we observe that such fluorescent photons remain in the anti-bunching regime within the time interval depicted for the isolated quantum emitter (solid curve), whereas the reaching to the level of unity (the crossing being the bunching regime) is accelerated in the presence of the MNP.
This speed up to reach the bunching regime is expected since the presence of the MNP results in changing the decay rates and the electric field acting upon the quantum emitter.
The thin solid curves appearing in Fig. 3(d) are the corresponding normalized intensityintensity correlations computed in the DSP, and show a good agreement to predict the time evolution under such driving condition.
It is well known that the development of the spectral features in the RFS is field (Ω 3 ) dependent. Now we assume that the hybrid system is singly driven with a Rabi frequency below saturation. In this case the secular approximation used to derive the RFS in the DSP does not hold, thus we resort to numerical results for the RFS in the bare state basis.
We consider a distance of D = 20 nm. We also assume a polarization selective detection for the fluorescent photons along the channel |3 ↔ |1 , thus we only take into account the signal associated to the correlation U 13 (τ ), i.e., S 13 (ω) as defined in Appendix A. The spectra obtained for different Rabi frequencies are depicted in Fig. 4(a)-(b) . There, we observe that the spectra exhibit subnatural linewidths for such low values of the driving field. The spontaneous decay rates for this situation are Γ p x = 0.51Γ 0 , and Γ p y = 5.67Γ 0 for the selected gap distance. Nevertheless, the HWHM of the spectral feature in Fig. 4(a) is 0.06Γ 0 for the isolated quantum emitter, whereas it changes to 0.02Γ 0 (0.09Γ 0 ) in the case with θ = 0(θ = 90). A similar trend is obtained for the case depicted in Fig. 4(b) where the HWHM is 0.21Γ 0 in the absence of MNP, and it changes to 0.04Γ 0 (0.31Γ 0 ) in the case with θ = 0(θ = 90). The emergence of this narrow spectral feature in the spectrum arises from the collapse of the two spectral peaks obtained in Fig. 3(b) (solid curve) into a single peak. Thus, the case with θ = 0 is the most favourable to obtain a narrower spectrum, whose ultimate origin relies in the lesser than unity field enhancement factor obtained for θ = 0. The previous results indicate that the filtered RF photons along the non-driven transition are mostly liberated from the transitions properties and are tailored by the field enhancement of the MNP.
The time evolution of the normalized second-order correlation function is also depicted in Fig. 4(c) for one of the Rabi frequencies in the low driving regime. There we can devise that this correlation remain also in the anti-bunching regime for a large period of time in the case with θ = 0, which is fully attributable to the fact that the field enhancement factor is less than unity, whereas it is accelerated when θ = 90 (where |F e,x | > 1) compared to the case of the isolated quantum emitter. The slow down(speed up) of g (2) (τ ) reflects in the time domain the narrowing(broadening) of this spectral feature with regard to the case of the isolated emitter (solid curve in Fig. 4(c) ).
Up to now we have assumed that the driving field is on resonance with the transition |2 ↔ |3 , i.e., δ = 0. We now turn our attention to the question of how the RFS is modified when the above transition is driven out of resonance. We will show that photons produced along the transition |1 ↔ |3 exhibit subnatural linewidth, whose frequency is tunable by changing the sign of δ, the gap distance (D) and the Rabi frequency of the driving field and 0.019Γ 0 , respectively. We observe that the lower the interparticle distance, the larger the spectral shift, although at the expense of obtaining a small increment of the linewidth.
In the case of driving the hybrid system out of resonance but for a positive detuning, the Raman photons are also blue detuned with regard to ω L . This is shown in Fig. 5 In fact the small broadening of this narrow spectral feature originates mainly from the field enhancement (F e,x ) at the position of the quantum emitter. This point has been confirmed numerically in the following way: we determined the linewidth of the Raman photons while setting F e,x = 1 (which is an unphysical situation) for the same distances considered in Fig. 5(a) .
The results obtained show changes in the third decimal place. In other words, the tunability of the Raman photons can be attributed to the field enhancement factor experienced by the quantum emitter due to the presence of the nanoparticle. Fig. 6(a)-(b) . By inspecting these two panels one can identify a tradeoff between the tunability and the linewidth of this spectral line.
The statistical properties of the Raman photons in the case with δ < 0 can be determined through the analysis of the time evolution of the normalized second-order correlation function
which implicitely assumes a selective spectral detection of photons along channel |+ ↔ |1 .
The time evolution of magnitude g
R−P (τ ) is depicted in Fig. 6(c) . The main difference between the intensity-intensity correlation depicted in Fig. 6(c) and those previously considered (see Figs. 3(d) and 4(c) ) relies on the fact that here we are dealing with spectrally filtered photons around the Raman line. Anyway, all these correlations exhibit a strong antibunching.
IV. CONCLUSIONS
In this work we present a theoretical study of the spectral properties of the fluorescent photons produced by a hybrid system consisting of a Λ-type three-level quantum emitter in close proximity to a MNP. We show that the changes in the effective field felt by the quantum emitter and the corresponding modifications of the spontaneous decay rates due to the presence of the MNP manifest themselves as modifications of the width and location of the sidebands of the spectrum. We predict a subnatural linewidth for the narrow spectral line produced along the non-driven transition when the system is singly driven on resonance by a very weak field. In addition, we demonstrate the change in location and width of the Raman peak along the non-driven transition when the system is singly driven out of resonance by a moderate laser field. This tunability can be achieved through varying either the Rabi frequency, the detuning and/or the separation between the quantum emitter and the MNP. We also have studied the statistical properties of the photons along the undriven transition either on resonance and at a very low driving field, and out of resonance. In all cases it is shown that the photons along that transition exhibit a strong antibunching and that the intensity-intensity correlations lacks from the typical oscillatory behavior obtained in a singly driven two-level system [41, 42] .
Before closing, we need to pinpoint that the hybrid system investigated in this work can be implemented in realistic semiconductor quantum dot (QD) -MNP systems. The present state of the art of sample growth and coherent-carrier control allows the implementation of QDs with the optical characteristics similarly to the three-level system considered here. A Λ-type quantum system can be for example established by applying an in-plane magnetic field (in the growth plane) of a InGaAs dots in a GaAs matrix provided that the Zeeman splitting of the exciton states is larger than the linewidths of the optical transitions [43] .
The application of such magnetic field, in the so-called Voigt geometry, allows to link states |2 and |3 through a π x linearly polarized optical field, whereas whereas |1 and |3 can be driven through a π y linearly polarized laser field.Furthermore, a Mollow-like quintuplet spectrum has been experimentally observed in InAs/GaAs quantum dots [44] .
The search for semiconductor-based single-photon sources also triggered the study of resonance fluorescence photons in the Heitler regime along with their second order correlation properties [45] [46] [47] , showing the potential to generate single photons with a bandwidth close to the natural linewidth of the QD transition. Here, we have shown that a weakly driven three-level quantum emitter coupled to a MNP leads to subnatural spectral lines. One advantage of the current hybrid system relies in the fact that the RF photons are produced along the undriven transition, which lacks of the elastic component, while the RF photons produced along the on-resonance driven transition can be removed by using a polarization selective detection scheme. The creation of Raman photons along a non-driven transition has been also experimentally addressed in QDs, either in free space [48, 49] or coupled to a cavity [50, 51] . This process has been proposed as a tunable source for a probabilistic entanglement scheme, a property of paramount interest to quantum information processing [48] . Quantum interference between two cw Raman photons as high as 0.98 has also been reported [49] . In addition, hybrid complexes consisting of self-assembled QDs have been grown and covered with metal nanocrystals [52] . We would like to draw the attention to recent work where the controlled coupling of single QDs to a plasmonic nanoantenna has been demonstrated [10, 11, [53] [54] [55] [56] . Therefore, the hybrid system considered here could be fabricated using available growth and positioning technologies for the elements involved. 
Equation (A1) can be recast as S(ω) = S 13 (ω) + S 23 (ω) with
where the term S 13 (ω)(S 23 (ω)) accounts for the fluorescent photons produced along transi-
The two-time correlation functions which appear in Eq. (A1) can be determined with the aid of the quantum regression theorem [36, 37] and the optical Bloch equations, i.e., Eq.
(16). To this end we define the column vector
where the super-index T stands for transpose. According to the quantum regression theorem, for τ > 0 the vectorÛ j3 satisfies
M being the 8 × 8 matrix of the coefficients of Eq. (16) and B the corresponding column vector.
By working in the Laplace space we obtain the steady-state RFS. Specifically we have
j3 (∞) is the value of the l−th component of the vectorÛ j3 (τ ) evaluated at τ = ∞, i.e., in the steady-state. R jk (iz) is the (j, k) element of the matrix R(iz) defined as
I being the identity matrix with size 8 × 8, z 1 = (ω − ω L ) /Γ 0 , and B l is the l-th element of column vector B.
limit where the effective Rabi frequency is much greater than all relaxation rates. In this case, we can ignore the non-secular terms, i.e., coupling between population and coherences.
The Bloch equations in the secular approximation for the coherences are given by In a similar way we derive the equations of motion for populations which read 
I being the 2 × 2 identity matrix, and B 0,m is the m-th element of the column vector B 0 .
